In this paper, we introduce the concept of an (α, m, r) g -concave function as a generalization of a concave function. Then we establish Berwald-type inequalities for the Sugeno integral based on this kind of functions. Our work generalizes the previous results in the literature. Finally, we give some conclusions and problems for further investigations.
Introduction
As a tool for modeling nondeterministic problems, fuzzy measures and a fuzzy integral introduced by Sugeno in [] have been successfully applied to various fields. The fuzzy integral provides a practical tool for many problems in engineering and social choice, where the aggregation of data is required. However, the practicality of fuzzy integral is restricted for the special operators used in the construction. Thus, many scholars have generalized the Sugeno integral by using some other operators to replace the special operator(s) ∨ and/or ∧. They proposed the Choquet-like integral [] , the Shilkret integral [], ⊥-integral [], the generalized fuzzy integral [] , the Sugeno-like integral [] , the λ-generalized Sugeno integral [] , the pseudo-integral [], the interval-valued generalized fuzzy integral [] , and the set-valued pseudo-integral [] . Suárez García and Gil Álvarez [] presented two families of fuzzy integrals, the so-called seminormed fuzzy integral and semiconormed fuzzy integral. Klement et al. [] investigated a concept of universal integrals generalizing both the Choquet integral and the Sugeno integral. Wang and Klir [] provided a general overview on fuzzy measurement and fuzzy integration.
The integral inequalities are significant mathematical tools both in theory and applications. Different integral inequalities including Chebyshev, Jensen, Hölder, and Minkowski inequalities are widely used in various fields of mathematics, such as probability theory, differential equations, decision-making under risk, forecasting of time-series, and information sciences.
The convexity for a given function is one of the most powerful tools in establishing analytic inequalities. Especially, there are many important applications in the theory of higher transcendental functions. However, for many problems encountered in economics and engineering, the notion of convexity is unsuitable. Hence, it is necessary to extend the notion of convexity, and various generalizations of convexity have appeared in the literature. 
Preliminaries
In this section, we recall some basic definitions and properties of the fuzzy integral and introduce the (α, m, r) g -convex functions. For details, we refer the reader to Refs. [, ] .
Suppose that ℘ is a σ -algebra of subsets of X and let μ : ℘ → [, ∞) be a nonnegative, extended real-valued set function. We say that μ is a fuzzy measure if it satisfies:
If f is a nonnegative real-valued function defined on X, we denote the set {x ∈ X :
Let (X, ℘, μ) be a fuzzy measure space. We denote by M + the set of all nonnegative measurable functions with respect to ℘.
The Sugeno integral (or the fuzzy integral) of f on A with respect to the fuzzy measure μ is defined as
where ∨ and ∧ denote the operations sup and inf on [, ∞), respectively.
The properties of the fuzzy integral are well known and can be found in [] .
Proposition . Let (X, ℘, μ) be a fuzzy measure space, A, B ∈ ℘, and f
Thus, from a numerical point of view, the fuzzy integral can be calculated by solving the equation
, r ∈ R, and g be a continuous and monotonous function on R. A function f : I → R is said to be (α, m, r) g -concave on I if, for all x, y ∈ I,
By reversing the inequalities we obtain the definition of an (α, m, r) g -convex function f on I. The following Berwald inequality is well known [] .
Unfortunately, the following example shows that the Berwald inequality for the Sugeno integral based on (α, m, r) g -concave functions is not valid.
Example Consider X = [, ] and μ be the Lebesgue measure on X. Take the function
. A straightforward calculus shows that
Therefore,
This proves that the Berwald inequality is not satisfied for the Sugeno integral based on (α, m, r) g -concave functions. Now we present Berwald inequalities for the Sugeno integral based on (α, m, r) g -concave functions. 
By Proposition .() we have
By Proposition .() and Remark . we get:
This completes the proof. 
By Theorem . we have
Now, we will prove the general cases of Theorem .. 
This completes the proof.
Example Consider X = [, ] with the Lebesgue measure μ on it. Take the functions f (x) = ln(x + ) and g(x) = id; f (x) is a (, , )-concave function. In fact,
Let u =   and v = . A straightforward calculus shows that
By Theorem . we have
Now we consider some special cases of (α, m, r) g -concave functions in Theorem ..
concave function, and μ be the Lebesgue measure on R. Then:
Remark . Let α = m = , r ∈ R, r = , g be a continuous and monotonous function,
be an r g -mean concave function, and μ be the Lebesgue measure on R. Then: 
